The present study deals with the free torsional vibration of a composite conical shell made of a polymeric matrix reinforced with carbon nanotubes (CNTs). Distribution of CNTs across the thickness of the conical shell may be uniform or functionally graded. Five different cases of functionally graded reinforcements are considered. First-order shear deformable shell theory compatible with the Donnell kinematic assumptions is used to establish the motion equations of the shell. These equations are two coupled equations which should be treated as an eigenvalue problem. The generalized differential quadrature method is used to obtain a numerical solution for the torsional frequency parameters and the associated mode shapes of the shell. After validating the results of this study for the cases of isotropic homogeneous cone and annular plates, parametric studies are carried out to analyze the influences of geometrical characteristics of the shell, volume fraction of CNTs, and grading profile of the CNTs. It is shown that volume fraction of CNTs is an important factor with regard to torsional frequencies of the shell; however, grading profile does not change the torsional frequencies significantly.
Introduction
A novel class of materials, known as carbon nanotubes (CNTs) have attracted increasing attention in recent years. The CNTs have exceptional mechanical, thermal, and electrical properties [1] . It is widely known that addition of CNTs in a matrix enhances the thermal and mechanical properties of composites [1] . Also, graded distribution of CNTs across the thickness of a structural element may enhance the thermo-mechanical characteristics of the structure where the total volume fraction of CNTs in both uniform and graded distributions are the same [1] . This is the main reason behind vast investigations carried out on the subject of functionally graded carbon nanotube reinforced composites (FG-CNTRC).
Free vibration characteristics of FG-CNTRC beams, plates, and shells have been the subject of many researches in the past 5 years. An overview of researches on the subject of free vibration of FG-CNTRC beams, plates, and shells is mentioned in the next paragraphs.
Yas and Samadi [2] analyzed the free vibration and buckling of FG-CNTRC Timoshenko beams using the generalized differential quadrature method. Composite beam is in contact with a Pasternak elastic foundation in this research. Alibeigloo and Liew [3] analyzed the free vibration of thick FG-CNTRC beams integrated with two piezoelectric layers at the top and bottom using the elasticity theory. To analyze the influences of graded CNTs in the face sheets of a sandwich beam with stiff core on vibration characteristics, Wu et al. [4] formulated the sandwich beam based on the Timoshenko beam theory and solved the eigenvalue problem using the differential quadrature method. It is shown that the ratio of face sheet thickness to core thickness is influential on the natural frequencies of the beam. Ke et al. [5] investigated the linear and nonlinear free vibration analyses of FG-CNTRC beams. The polynomial-based Ritz method is used in this study to discretize the homogeneous nonlinear motion equations. It is shown that nonlinear frequency ratios of both simply supported-simply supported and clamped-simply supported FG-CNTRC beams are dependent on the sign of the vibration amplitudes, i.e. their nonlinear frequency ratio versus amplitude curves are unsymmetrical. Lin and Xiang [6] applied both the first-and third-order shear deformation beam theories to analyze the free vibration characteristics of the beam. In this study, the Ritz method with polynomial basis functions is used to discretize the motion equations. Numerical results of this study reveal that for hard-clamped and soft-clamped supports substantial differences between frequency parameters are observed based on the first-order and third-order beam theories.
Malekzadeh and Heydarpour [7] applied a mixed solution based on the Navier and layerwise techniques to analyze the free vibration characteristics of thick rectangular plates. In this research, all edges of the plate are assumed to be simply supported. In a study by Zhang et al. [8] element-free IMLS-Ritz method is implemented to study the free vibration and associated mode shapes of an FG-CNTRC triangular plate. In another study, Zhang et al. [9] studied the free vibration and mode shapes of skew plates reinforced by FG-CNTRC. The influence of elastic foundation on the natural frequencies of a thick plate is analyzed by Zhang et al. [10] by using the element-free IMLS-Ritz method. Based on the finite element method and using the first-order shear deformation theory (FSDT), static and free vibration responses of FG-CNTRC plates are investigated by Zhu et al. [11] . Malekzadeh and Zarei [12] analyzed the free vibration of arbitrary quadrilateral laminated plates containing single or multiple FG-CNTRC layers using a two-dimensional differential quadrature method. Kamarian et al. [13] applied the Eshelby-MoriTanaka approach to a CNTRC plate to obtain the equivalent properties of the plate. After that free vibration response of the plate resting on a Winkler elastic foundation is analyzed using the three-dimensional theory of elasticity and Navier solution. Based on a two-step perturbation technique suitable for FG-CNTRC plates and sandwich plates with FG-CNTRC face sheets, Wang and Shen [14, 15] analyzed the linear and nonlinear free vibration responses of rectangular plates with all edges simply supported. Temperature rise influences are also taken into consideration. Malekzadeh et al. [16] investigated the influences of graded pattern of CNTs and volume fraction of CNTs on free and forced vibration responses of FG-CNTRC plates subjected to the action of a moving load. Lei et al. [17] and Zhang et al. [18, 19] investigated the free vibration of FG-CNTRC rectangular plates with various boundary conditions using mesh-free methods. Selim et al. [20] studied the free vibration of FG-CNTRC plates based on the thirdorder shear deformation plate theory which takes into account the nonuniform variation of shear strains across the thickness of the plate.
Yas et al. [21] investigated the free vibration response of FG-CNTRC cylindrical panels using the three-dimensional theory of elasticity. Solution method of this research is suitable for panels with all edges simply supported. After applying the Navier solution to the three-dimensional motion equations, the resulting ones are ordinary differential equations which are solved using the generalized differential quadrature. Shen and Xiang [22] analyzed the linear and nonlinear free vibrations of cylindrical panel resting on a two parameter Pasternak elastic foundation. In this study the effects of thermal environment are also taken into account. Two-step perturbation technique is used to obtain a closed-form solution for the linear and nonlinear natural frequencies of the panels with all the edges simply supported. Zhang et al. [23] analyzed the free vibration and static response of an FG-CNTRC panel using the first-order shell theory. Eshelby-Mori-Tanaka approach is used to obtain the properties of the composite media. Solution method of this research is suitable for almost arbitrary type of edge supports. Mirzaei and Kiani [24] studied the free vibration characteristics of FG-CNTRC cylindrical panels with arbitrary boundary conditions using a Chebyshev-Ritz formulation.
Shen and Xiang [25] investigated the linear and nonlinear free vibrations of a composite cylindrical shell reinforced with FG-CNT fibers. Solution method of this research is suitable for shells with both the edges simply supported. Heydarpour et al. [26] examined the free vibration of a shear deformable rotating composite conical shell reinforced with either uniformly distributed or graded CNTs. A static analysis is carried out to obtain the in-plane forces induced due to rotation. Afterwards, an eigenvalue problem is established to extract the natural frequencies of the shell. Combinations of simply supported and clamped conditions are considered in this work.
Similar to free vibration, dynamic stability of cylindrical panels made of FG-CNTRC [27] , large amplitude nonlinear bending of FG-CNTRC skew [28] , rectangular [29] and arbitrary quadrilateral [30] plates, dynamic response of FG-CNTRC rectangular plates subjected to uniform [31] and moving loads [16] , postbuckling of FG-CNTRC plates with various boundary conditions subjected to in-plane unixial and biaxial compressive loads [32, 33] , aerothermoelastic characteristics of FG-CNTRC cylindrical panel in supersonic flow [34] , buckling of FG-CNTRC skew plates under in-plane compression [35] , thermal buckling of rectangular FG-CNTRC plate with arbitrary boundary conditions under uniform thermal field [36] , thermal and mechanical buckling of FG-CNTRC conical shells [37, 38] , and stress analysis of laminated plates made of FG-CNTRC layers [39] are also observed through the open literature.
The above literature survey accepts the fact that most of the researches on the subject of free vibration of FGCNTRCs are focused on beams, plates, and cylindrical panels and only a limited number deals with the closed cylindrical or conical shells. In particular, research carried out by Heydarpour et al. [26] is the only available work on the free vibration analysis of FG-CNTRC conical shells. The present research aims to extend the investigations on FG-CNTRC conical shells. Torsional vibration of a conical shell made of a polymeric matrix reinforced by CNTs is considered. In torsional vibration analysis, when particular conditions are met, only one component of displacement field is present. Using the first-order shell theory and Donnell kinematics, two coupled equations are established by means of the Hamilton principle. These equations are discretized by means of the generalized differential quadrature method and solved as an eigenvalue problem. After validating the solution procedure for the case of a conical shell or an annular plate made of isotropic homogeneous materials, some numerical results are given for FG-CNTRC conical shells. It is shown that shell geometry, distribution profile of CNTs, and volume fraction of CNTs are important factors with regard to torsional frequencies of the FG-CNTRC conical shells; however, grading profile is not significantly influential.
Basic formulation
Consider an FG-CNTRC circular conical shell of thickness h, end radii R 1 < R 2 , length along the generator L, and vertex half angle α. The meridional, circumferential, and thickness directions of the shell are denoted by x, θ, and z, respectively. A schematic of the shell with the assigned coordinate system and geometric characteristics is shown in Figure 1 .
As reported by Kwon et al. [40] , using the powder metallurgy process, the concept of functionally graded materials and CNTs may be achieved together. Volume fraction of CNT may vary according to a prescribed function across the thickness of a structural element. However, compatible with the available manufacturing process [40] , only linear variation of CNT across the thickness of the conical shell is considered. As a result, the single walled carbon nanotube (SWCNT) reinforcement is either uniformly distributed (referred to as UD) or functionally graded in the thickness direction (referred to as FG). FG-O, FG-X, FG-V, and FG-Λ CNTRC are the functionally graded distribution of carbon nanotubes over the thickness direction of the composite conical shell [37, 38, 41, 42] .
It is assumed that the CNTRC conical shell is made from a mixture of SWCNT, graded in the thickness direction, and a matrix which is assumed to be isotropic. The effective material properties of the two-phase nanocomposites, mixture of CNTs and an isotropic polymer, may be estimated according to the well-known Mori-Tanaka scheme or the rule of mixtures. Due to simplicity and convenience, in the present study the rule of mixtures is employed by introducing CNT efficiency parameter and the effective material properties of CNTRC conical shell [43] . This efficiency parameter is introduced to match the shear modulus obtained from the molecular dynamics simulations with those obtained according to the modified rule of mixtures approach. Thus the effective material properties which are involved in this research may be written as
where in the above equations, CN 12 G and ρ CN are the shear modulus and mass density of SWCNTs. Besides, G m and ρ m indicate the shear modulus and mass density of the isotropic matrix. The coefficient η 3 is introduced to account for the scale-dependent shear modulus [43] . This constant is evaluated by matching the effective property of CNTRC obtained from the molecular dynamic simulations with those from the rule of mixtures. Furthermore, in Eq. (1), V CN and V m are the volume fractions of CNTs and matrix phase, respectively, which satisfy the condition [44] .
Uniform and four types of functionally graded distributions of the CNTs along the thickness direction of the nanocomposite conical shell are assumed. The mathematical expression of CNTs' volume fraction in each case of distribution is given in Table 1 . In this table, CN V * is the overall volume fraction of the structure which may be obtained in terms of mass density of the constituents and mass fraction of the CNT, w CN as
For type FG-V, the outer surface (z = +h/2) of the shell is CNT-rich and the inner surface (z = -h/2) is free of CNTs. For type FG-Λ, the distribution of CNT reinforcements is inverse and the inner surface (z = -h/2) of the shell is 44 Y. Kiani: Torsional vibration of functionally graded carbon nanotube reinforced conical shells CNT-rich whereas the outer surface is free of CNTs. For type FG-X, a mid-plane symmetric graded distribution of CNT reinforcements is achieved and both outer and inner surfaces are CNT-rich. For type FG-O, a mid-plane symmetric graded distribution of CNT reinforcements is achieved and both outer and inner surfaces are free of CNT. Configurations of UD-and FG-CNTRC conical shells are shown in Figure 2 . As seen from Table 1 , UD-and all of FG-CNTs will have the same value of mass fraction of CNTs.
To capture the through the thickness shear deformations effects, the first-order shear deformation theory of shells is used to formulate the governing equations of the shell. Based on the FSDT, the only available component of displacement field, i.e. tangential displacement u θ may be written in terms of the tangential displacement of the mid-surface v and the rotation of a normal element in the zθ plane, ϕ as [45] . 
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Kayran and Vinson [46] examined the conditions for independent torsional vibration motions. As mentioned by Kayran and Vinson [46] for the case when the coupling terms A i6 , B i6 and D i6 (i = 1, 2) do not exist, the torsional motion is uncoupled from the extensional and bending motions and one may study the free torsional vibrations only by considering the tangential displacement u θ . For classical FG-CNTRC conical shells, the coupling stiffnesses A i6 , B i6 and D i6 (i = 1, 2) are absent and, therefore, the free torsional vibration may be analyzed only by considering the tangential displacement u θ .
In FSDT, when torsional vibration is uncoupled from the bending and extensional motions, only two components of the strain filed are present, i.e. γ xθ and γ θz [47] . For a conical shell with the assigned coordinates system as shown in Figure 1 , these two components may be written as
In the above equations, r(x) = R 1 +x sin(α) stands for the radius of the shell at each point along the length.
Components of stress in terms of strains under the assumption of linear elastic material are evaluated as 
where Q 44 and Q 66 are the reduced material stiffness coefficients compatible with the plane-stress conditions and are 44 23 66 12
The components of stress resultants are obtained using the components of stress field as
In the above equation, κ is the shear correction factor of FSDT. As this factor depends on the boundary conditions, material properties, geometry and loading type [48] , determination of its exact value is not straightforward. 
In the above equation, the constant coefficients A 44 
The complete set of linear motion equations and boundary conditions of an FG-CNTRC conical shell in free torsional vibration regime may be obtained based on the Hamilton principle [45] . Statement of this concept reads 
U T t t t t v
where in the above equation δU is the virtual strain energy of the shell which may be calculated as θ θ θ θ δ τ δγ κτ δγ
And δT is the virtual kinetic energy of the shell. Considering the tangential kinetic energy of the shell, one may write
Integrating the expressions (12) and (13) with respect to z coordinate and performing the integration by part technique to relieve the virtual displacement gradients result in the expressions for the linear torsional motion equations of an FG-CNTRC conical shell as 
The complete set of boundary conditions are revealed through the process of virtual displacement relieving. For the two ends of the shell, i.e. x = 0 and x = L, the boundary conditions are extracted as
The motion equations (14) may be written in terms of the kinematic variables v and ϕ. To obtain such equations, Eq. (9) should be substituted into Eq. (14) . After substituting and performing proper mathematical operations, the resulting equations are 
Two types of boundary conditions may be defined. Clamped (C) boundary condition with v = ϕ = 0 and free (F) boundary condition with N xθ = M xθ = 0.
Solution method
As only free vibration motion is under investigation, we may write
where ω is the natural frequency. Upon substitution of Eq. (17) into Eq. (16) one may reach to 
The above system of coupled ordinary differential equations are discretized via the generalized differential quadrature method. After applying the differential quadrature method to Eq. (18) one may reach to
where in the above equation 
In the above equations, C (0) is the identity matrix and C (1) and C (2) are the weighting coefficient matrices associated with the first and second derivatives of a function [49] . Distribution of the points along the slanted edge of the shell is described based on the Chebyshev-GaussLobatto distribtuion which reads
Here, N is the number of grid points through the length of the shell. Similar to the governing motion equation, generalized differential quadrature method should be applied to the boundary conditions. Recalling the definition of stress resultants (9) , one has (1) ( 1)
In Eq. (22), i = 1 is for the edge x = 0 and i = N is for the edge x = L. The boundary conditions are applied directly to Eq. (19) . The resulting eigenvalue problem is solved by means of the standard eigenvalue procedures.
Numerical result and discussion
The procedure outlined in the previous sections is used herein to study the torsional vibration of a composite truncated conical shell made from a polymeric matrix reinforced with FG-CNTs. In the rest, the following convention is used for the edge supports. For instance, F-C indicates a conical shell which is free at x = 0 and clamped at x = L. Unless otherwise stated, Poly (methyl methacrylate), referred to as PMMA, is selected for the matrix with material properties E In the next paragraph, at first two comparison studies are carried out for the case of isotropic homogeneous shells and plates. Afterwards, numerical results are provided for FG-CNTRC conical shells. In the rest, number of grid points is chosen as N = 31 after the examination of convergence of first five natural frequencies up to four digits.
Comparison studies
Two comparison studies are performed in this section to assure the validity and accuracy of the present method. In the first comparison study, a conical shell made from an isotropic homogeneous material is considered. The geometrical characteristics of the shell are set equal to
The first five natural frequencies are evaluated from the present formulation and compared with those obtained by Chandrasekaran [50] . Comparison is carried out in Table 2 . In the analysis by Chandrasekaran [50] , the influence of D 66 is ignored and exact solutions are obtained for torsional frequencies. It is seen that excellent agreement exists for three types of boundary conditions which indicate the validity and accuracy of the present research.
In another comparison study, torsional frequency parameters of an annular plate are computed from the present research and compared with those reported by Wu [51] . Wu [51] obtained the torsional frequencies and mode shapes of annular and circular plates, analytically. Present formulation may be reduced to an annular plate easily when the vertex half angle of the cone is chosen as α = 90°. A thin circular plate is considered where the ratio of inner radius to outer radius is equal to 0.25. Therefore, compatible with the notations of this research, R 1 /h = 250 and L/R 1 = 3 are chosen. Numerical results are given in Table 3 for different types of boundary conditions. It is seen that numerical results of this study match well with those given by Wu [51] using an analytical method which necessitates the accuracy and validity of the proposed method of this research.
Parametric studies
In this section, parametric studies are conducted to investigate the influences of various parameters on the Table 3 : A comparison of torsional frequency parameter ω ρ Ω= 2 / R G for isotropic homogeneous annular plate. Conical shell parameters are R 1 /h = 250, L/R 1 = 3, and α = 90° which are associated to a thin annular plate where the ratio of inner radius to outer radius is 0.25. Table 4 . Four different cases of boundary conditions and the first five natural frequencies are considered. Numerical results are evaluated for a shell with geometric characteristics α = 30°, L/R 1 = 2, and R 1 /h = 50. As one may see from this table, as the volume fraction of CNTs increases, torsional frequencies of the shell also increases. Except for the zero-valued frequency of F-F shell which is not mentioned in the table (associated to rigid body motion), frequency of an F-F shell is higher than F-C shell followed by in order C-F and C-C shells.
In Table 5 , the influence of grading profile on the torsional frequencies of conical shells are analyzed. Total Table 4 volume fraction of CNTs is considered as CN 0.28 V * = which may be graded or uniformly distributed across the thickness. First five frequency parameters and four different cases of boundary conditions are taken into consideration. Geometric characteristics of the shell are α = 30°, L/R 1 = 2, and R 1 /h = 50. It is observed that the influence of grading profile is almost negligible on the torsional frequencies of the shell. The differences between the frequency parameters of FG-X, FG-O, FG-V, and FG-Λ shells are almost negligible. However, FG-V has the highest frequency and FG-Λ has the lowest frequency. Frequency parameters of all graded shells are higher than the associated UD shells. However, discrepancy of frequency parameter between an FG-CNTRC and UR-CNTRC conical shell is small. This conclusion is different from the observations in flexural vibration analysis of Mirzaei and Kiani [24] for cylindrical panels and Selim et al. [20] for rectangular plates. In most of the available works on flexural vibration analysis of FG-CNTRC structures, it is mentioned that FG-X patten results in higher frequencies and also the graded pattern is an influential factor on frequencies. The reason is that Young's modulus of the composite media is highly affected by the CNT volume fraction and, therefore, extensional and bending stiffnesses are also dependent on the graded pattern and volume fraction of CNTs. However, due to the severe difference between the shear modulus of polymeric matrix and CNTs, and according to Eq. (1) the effect of shear modulus of CNT on shear modulus of composite media almost disappears. As an example, the associated mode shapes for C-C and F-C shells are provided in Figures 3 and 4 .
Boundary conditions
The next parametric study analyzes the influence of shell vertex angle on the torsional frequencies of conical shells. Numerical results are tabulated in Table 6 . Conical shells with FG-X distribution of CNTs and volume fraction CN 0.28 V * = are considered. Shell parameters are L/R 1 = 2 and R 1 /h = 50. Various values are considered for the semi vertex angle of the cone. It is observed that, for C-C, F-C, and F-F shells, torsional frequency increases as the semivertex angle increases, however, for the C-F shells trend is different. In C-F shells, torsional frequency decreases as the semi-vertex angle decreases and afterwards increases slightly with an increase in the semi-vertex angle. Such trend is observed in some other types of shell structures for instance conical panels [52] .
Conclusion
Free torsional oscillations of an FG-CNTRC conical shell with combinations of free and clamped boundary conditions are considered in this research. Five different profiles are considered for the distribution of CNTs across the thickness. The properties of the composite reinforced media are obtained by means of a modified rule of mixtures approach. First-order shell theory and Donnell kinematic assumptions are incorporated with the Hamilton principle to construct the free motion equations of the conical shell and the associated boundary conditions. The obtained system of differential equations are solved using the generalized differential quadrature method. After examination of the efficiency and accuracy of the proposed formulation for isotropic homogeneous conical shells and annular plates, parametric studies are conducted for FG-CNTRC conical shells. It is shown that volume fraction of CNTs is an important factor with regard to natural frequency parameters. Generally higher volume fraction of fibers enhances the natural torsional frequency parameters. Furthermore, edge supports are also influential on the mode shapes and frequencies of the shell. Generally, F-F conical shell has the highest torsional frequency followed by, in order, F-C, C-F, and C-C conical shells. Vertex half angle of the cone is also influential on torsional frequency of the conical shell. However, influence of grading profile, as shown, is almost negligible. Generally FG-CNTRC conical shells have higher torsional 
